A class of meta-invariant operators over Cayley-Dickson algebra is studied. Their spectral theory is investigated. Moreover, theorems about spectra of generalized unitary operators and their semigroups are demonstrated.
Introduction
The Cayley-Dickson algebras are algebras over the real field R, but they are not algebras over the complex field C, since each embedding of C into r  with 2 r  is not central. That is why the theory of algebras of operators over the Cayley-Dickson algebras r  with 2 r  is different from algebras of operators over the complex field C. On the other hand, such theory has many specific features in comparison with the general theory of algebras of operators over R due to the graded structures of algebras r  . Moreover, the Cayley-Dickson algebra r  with 3 r  can not be realized as the subalgebra of any algebra of matrices over R, since these algebras r  with 3 r  are not associative, but the matrix algebra is associative.
The results of this paper can be used also for the development of non-commutative geometry, super-analysis, quantum mechanics over r  , and the theory of representations of topological and Lie groups and supergroups which may be non locally compact, for example, of the type of the group of diffeomorphisms and the group of loops or wraps of manifolds over r  (see [1] [2] [3] [4] [5] [6] [7] [8] ). As examples of unbounded operators over r  serve differential operators, including operators in partial derivatives. For example, the Klein-Gordon-Fock or Dirac operators are used in the theory of spin manifolds [9] , but each spin manifold can be embedded in the quaternion manifold [10] .  . Preliminary results on operator theory and operator algebras over quaternions and octonions were published in [12] . This articles develops further operator theory already over general Cayley-Dickson algebras.
In the third section of this article the theory of unbounded operators is described, as well as bounded quasilinear operators in the Hilbert spaces X over the CayleyDickson algebras r  . At the same time the analog of the scalar product in X is defined with values in the CayleyDickson algebra r  . For the spectral theory of such operators there are defined and used also graded operators of projections and graded projection valued measures. The linearity of operators over the algebra r  with 2 r  is already not worthwhile because of the non-commutativity of r  , therefore there is introduced the notion of quasi-linear operators.
At the same time graded projection valued measures in the general case may be non-commutative and non-associative. Because of the non-commutativity of the Cayley-Dickson algebras r  with 2 r  commutative algebras  over them withdraw their importance, since they can be only trivial
, moreover, over the Cayley-Dickson algebra r  with 3 r  the associativity may lose its importance. Therefore, in the third section the notion of quasi-commutative algebra metainvariant over r  is introduced. Principles of the theory of bounded and unbounded operators are given there. Spectral theory of self-adjoint and generalized unitary operators is exposed. In the third section spectral theory of normal operators is described. For algebras of normal meta-invariant over r  operators the theorem generalizing that of Gelfand-Mazur is proved. An analog of Stone's theorem over r  for the one parameter families of unitary operators is demonstrated.
Definitions and notations of the preceding work [12] are used below. is formed from the algebra r  with the help of the doubling procedure by generator 2 r i , in particular, 0 : R  is the real field, 1  C  coincides with the field of complex numbers, 2  H  is the skew field of quaternions, 3  is the algebra of octonions, 4  is the algebra of sedenions. The algebra r  is power associative, that is, 1) 
Preliminaries
Therefore, the doubling procedure with
gives the algebra d,
.
The algebra which is the completion by the norm   of the minimal algebra generated by the family of elements 
corresponding to the left order of brackets. Thus the embeddings of
The completion of the family  contains all functions of the type
it follows, that the family of all elements of the type 
As a mapping one takes the stereographic projection
As the R linear normed space the Cayley-Dickson algebra v  is isomorphic either with the Euclidean space 
, , , , 
where   
In §1 the more general definition than previously of a unitary operator is given without any restriction on either
On a space   , C B R of real-valued continuous functions : f B  R on a Hausdorff topological space B one considers a lattice structure:
This induces a lattice structure on the set
Then the functional
 . Therefore, the functional t generates the family of Hermitian functionals gives the von Neumann algebra t A up to isomorphism of algebras. The operations of addition and multiplication are continuous relative to a norm in a C  -algebra. Thus the restricted sub-algebra t A is associative for r = 2 and alternative for r = 3 for each t   . 
Proof. An operator T is r  -meta-invariant, consequently, a von Neumann subalgebra . In accordance with Theorem 2.22 [12] we have that an algebra r A  is isomorphic with   , r C   for some extremely disconnected compact Hausdorff topological space  .
Recall that a subset B of a topological space W is called clopen, if it is closed and open simultaneously,
 by its definition takes value 1 on b  and zero on its complement 
For proving Statement (3) we mention that inf
We consider Riemann integral sums
, ; , , :
On the other hand,
since the operator T is r  meta-invariant and hence b E is r  meta-invariant as well for each b , since
and b E is a graded projection operator (see §2.9 ). Therefore, Formulas (6), (7)  . Otherwise we say that a resolution of the identity is unbounded. 
resolution of the identity and T is a bounded
a a  . Take a limit in the strong operator topology with a tending to the infinity: 
is the spectral resolution of such operator T.
Proof. Take any partitions
Consider the family of partitions  
L X is complete relative to the operator norm topology. Therefore, a Cauchy net of finite integral sums card    (see [14] 
. This means that this covering   : l V l consists of clopen subsets l V in P. Theorem 6.2.25 [14] says that each non-void extremely disconnected Tychonoff space is strongly zerodimensional.
Therefore, to the restricted operator
where   g x  R and [16] or §I.3 [13] ). The Hilbert subspace , . This operator K can be chosen 1  meta-invariant on X, since T is 1  meta-invariant on X.
In view of   1 we get
where the operator K is given by Formula (4). 
Suppose that U is an open subset in  and a continuous function 
, since f is arbitrary with such properties. In accordance with the definition of Ê we have 
. 
of the real field. Then
latter is a quasi-commutative subalgebra in   
, then b E is a graded resolution of the identity (possibly unbounded). Indeed,
Then we have
On the other hand, one has
Consider now the sequence   
and Ê is the graded projection valued measure. Certainly one has the identities 
14) Remark. If T is a bounded normal
. Each bounded Borel function is a limit of step functions, where a limit is taken relative to the family of all semi-norms 11)
In view of the Stone-Weierstrass theorem the set of 
with the monotone sequential convergence property is  -normal. 
15) Theorem. Suppose that T is a bounded
, where C denotes a quasicommutative von Neumann algebra over v  consisting of operators quasi-commuting with each operator quasicommuting with A such that 
. From the construction of this sequence we get
Denote by     the family of all Borel subsets of  whose characteristic function satisfies Equation 16(14) . This family contains characteristic functions 
Are fulfilled so that the-homomorphism This implies
for each j due to the v  -gradation of the projection valued measure Ê and due to the commutativity of the complex field
sp T is contained in  R , while the real field R is separable as the normed space.
16) Theorem. Let A and B be C  -algebras over the
Proof. 1). Suppose that
, where I denotes the unit element in A and in B . Then
(see §2.24 [18] ). But
At the same time one has   b b
n P n is a sequence of polynomials tending to f uniformly on 
and from (1) it follows that 
MK MK KM
and hence   
The homomorphism  is order preserving and does not increase norm by Theorem 18. Next we apply Theorems 2.24 and 3.22 [17] and §2.9.
Consider  restricted to 
At the same time for a symmetrical operator, the inclusion   T   R is satisfied and due to the relations given in §2.23 [18] 
: ; d ; and [18] and take a marked element 
 is bounded and it is defined everywhere and this case was considered in Theorem 2.24 [18] . Therefore, the mapping h is the homeomorphism
is alternative in this case also. Therefore, the subalgebra .
Thus the equality 1)
. From the definition we have the formula
Making the change of measure we infer the relations:
This demonstrates that x   and hence
 
T   . In view of Formula (2) and Theorem 15 we have 
Taking the limit with m tending to the infinity and substituting the measure one gets: :
is the space of all f for which there exists
In details we write
, non-negative on its  -algebra and positive on some elements of this  -algebra).
For a reference we formulate the following non-commutative variants of Radon-Nikodym's theorem. 
be a space with a finite complex-valued measure and let  be a defined on  finite complex-valued measure absolutely continuous relative to  , then there exists a unique function On the other hand, a measure , n k  is absolutely con-
Continuation of the proof of Theorem 23. converging to zero so that
